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1 Introduction
Motivated by the fact that abstract retarded functional differential equations (abbreviated,
ARFDE) arise in many areas of applied mathematics, this type of equations has received
much attention in recent years [–]. Some applications and numerical methods for equa-
tions where the operator acting on the delay term is bounded have been studied in [–].

ARFDEs where the operator acting on delay term is unbounded have been studied in
some works. For equations on Hilbert spaces, we refer to [] and the references therein.
Moreover, ARFDEs on general Banach spaces where the operator acting on the delay term
is unbounded have been studied in a few works. For information of the reader, we refer
to [–]. These studies are aimed at regular solutions of partial differential equations.
Moreover, the study of more general solutions of ARFDEs where the operator acting on
delay term is unbounded has been addressed in recent work. Stability aspects and differ-
ences schemes for approximate solutions have been treated in [–].

In particular, the problem of existence of almost periodic and asymptotically almost
periodic solutions has been considered by several authors. We refer the reader to the book
[] and to the papers [–] and the references listed therein for recent information on
this subject. Our objective is to establish existence of almost periodic mild solutions for a
class of linear ARFDE of first order.

Throughout this work, we denote by X a complex Banach space endowed with a norm
‖ · ‖. Henceforth, we represent by A the infinitesimal generator of a strongly continuous
semigroup of bounded linear operators T(t) on X, and C stands for the space of continuous
functions C([–r, ]; X), r > , provided with the norm of uniform convergence. We will be
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concerned with the existence of almost periodic solutions to the Cauchy problem

x′(t) = Ax(t) + L(xt) + f (t), t ∈R, (.)

where x(t) ∈ X, the function xt : [–r, ] → X, which denotes the segment of x(·) at t, is given
by xt(θ ) = x(t + θ ), L : C → X is a bounded linear map, and f : R → X is an appropriate
function. The usual condition for studying the existence of almost periodic solutions for
this problem is that the semigroup T(·) is compact. For example, the problem of existence
of almost automorphic solutions has been studied recently by Ezzinbi and N’Guérékata
[] using this condition. Our aim in this paper is to establish the existence of almost
periodic solutions for a class of equations in which the semigroup T(·) is not compact.

As a model we consider the wave equation with delay

∂

∂t w(ξ , t) + β
∂

∂t
w(ξ , t) =

∂

∂ξ  w(ξ , t) +
∫ 

–r
dθ N(θ )w(ξ , t + θ ) + b(ξ , t),

w(, t) = w(π , t) = ,

for  ≤ ξ ≤ π and t ≥ , where the scalar function N(·) has bounded variation on [–r, ]
and b(·) is an appropriate function. Usually this type of linear equations arise from lin-
earization of semilinear ones [].

For the necessary concepts related with the abstract Cauchy problem and the theory of
strongly continuous semigroup of operators we refer to Engel and Nagel [] and Pazy [].
We only mention here a few concepts and results directly related with our development.
Let G(t) be a strongly continuous semigroup defined on a Banach space X with infinites-
imal generator D. We say that G is strongly stable if G(t)x → , t → ∞, for all x ∈ X and
we say that G is uniformly stable if ‖G(t)‖ → , t → ∞. Moreover, we employ the termi-
nology and notations for spectral bound s(D), growth bound ω(G) and essential growth
bound ωess(G) from []. Specifically, s(D) = sup{Re(λ) : λ ∈ σ (D)}; ω(G) = limt→∞ ln‖G(t)‖

t
and ωess(G) = limt→∞ ln‖G(t)‖ess

t , where the symbol ‖ · ‖ess denotes the essential norm of an
operator. Consequently, in terms of these notations, G is uniformly stable if, and only if,
ω(G) < .

For completeness we also mention here that a strongly continuous semigroup G(t) is
said to be compact if G(t) is a compact operator for all t >  and that G is said to be quasi-
compact if there is t >  and a compact operator R such that ‖G(t) – R‖ < . We collect in
the following lemma a pair of fundamental results [, Corollary IV.., Proposition V..]
for our further development.

Lemma . The following conditions are fulfilled.
(i) The semigroup G is quasi-compact if and only if ωess(G) < .

(ii) ω(G) = max{ωess(G), s(D)}.

Throughout this work we denote by L(X) the Banach algebra of bounded linear opera-
tors defined on X and by X∗ the dual space of X. For a linear operator A with domain D(A)
and range R(A) in X, we represent by σ (A) (resp. σp(A), ρ(A)) the spectrum (respectively
point spectrum, resolvent set) of A. For λ ∈ ρ(A) we set R(λ, A) = (λI – A)– for the resol-
vent operator of A. Finally, if D(A) is dense in X, then A′ denotes the dual operator of A
[].
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This paper is organized as follows. In Section  we have collected some technical results
about spectral properties of ARFDE, most of which are included in [, , ], in Section 
we apply these properties to study the existence of almost periodic solutions of ARFDE,
and in Section  we have included some applications of our results.

2 Preliminaries
Throughout the rest of this paper A : D(A) → X is the infinitesimal generator of a semi-
group of bounded linear operators T(t) on X and L : C → X is a bounded linear map
defined by

L(ϕ) =
∫ 

–r
dθ N(θ )ϕ(θ ), (.)

where N : [–r, ] → L(X) is a function of bounded variation which is left continuous on
(–r, ) and N() = N(–r) = , and f : R → X is a continuous function. We refer to Engel
and Nagel [], Travis and Webb [] and Wu [] for the basic properties of the ARFDE

x′(t) = Ax(t) + L(xt) + f (t), t ≥ σ . (.)

We only mention here that (.) with the initial condition

xσ = ϕ ∈ C (.)

has a unique mild solution x = x(·,σ ,ϕ, f ). This means that x : [σ – r,∞) → X is a contin-
uous function that verifies (.) and the restriction of x(·) on [σ ,∞) satisfies the integral
equation

x(t) = T(t – σ )ϕ() +
∫ t

σ

T(t – s)
(
L(xs) + f (s)

)
ds, t ≥ σ . (.)

In particular, if x(·,ϕ) denotes the mild solution of the homogeneous problem

x′(t) = Ax(t) + L(xt), t ≥ , (.)

x = ϕ ∈ C, (.)

the solution operator V (t) defined by V (t)ϕ = xt(·,ϕ) is a strongly continuous semigroup
of bounded linear operators on C (see []). We will represent by AV its infinitesimal gen-
erator. Moreover, it is well known that V satisfies the following translation property.

Lemma . Under the preceding conditions,

[
V (t)ϕ

]
(θ ) =

{
[V (t + θ )ϕ](), t + θ ≥ ,
ϕ(t + θ ), t + θ ≤ .

We denote by W (t) the solution operator corresponding to L = . It is clear that W (t) is
given by

[
W (t)ϕ

]
(θ ) =

{
T(t + θ )ϕ(), –t ≤ θ ≤ ,
ϕ(t + θ ), –r ≤ θ < –t.
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The system (.) is said to be (asymptotically) stable if the semigroup V (t) is uniformly
stable. Consequently, it follows from Lemma . that the study of the asymptotic stability
of the system (.) is reduced to the study of spectral properties of the solution semigroup
V (t).

We are in a position to establish the first result about asymptotic behavior of the solution
semigroup.

Theorem . Assume that the semigroup T(t) is uniformly stable and that the operator
T(t)L : C → X is compact for all t > . Then the semigroup V (t) is quasi-compact.

Proof We define the operator U(t) : C → C for t ≥  by

[
U(t)ϕ

]
(θ ) =

{∫ t+θ

 T(t + θ – s)L(V (s)ϕ) ds, –t ≤ θ ≤ ,
, –r ≤ θ < –t.

It is clear from (.) that

V (t) = W (t) + U(t), t ≥ ,

which implies that U(t) is a bounded linear operator. Moreover, from [, Theorem ] we
can assert that U(t) is a compact operator. On the other hand, there exist constants M ≥ 
and α >  such that ‖T(t)‖ ≤ Me–αt for all t ≥ . Hence, for t ≥ r we have

∥∥W (t)ϕ
∥∥ = sup

–r≤θ≤

∥∥T(t + θ )ϕ()
∥∥ ≤ M sup

–r≤θ≤
e–α(t+θ )∥∥ϕ()

∥∥

≤ Meαre–αt‖ϕ‖,

which implies that W (t) is uniformly stable. �

There are many interesting situations in which the semigroup T(t) is not compact but
the operator T(t)L : C → X is compact for t > . Next we mention a pair of general cases:

(i) The operator L : C → X is compact. For instance, L(ϕ) =
∑k

i= Aiϕ(–ri), where Ai :
X → X, i = , . . . , k, are compact linear operators, or L(ϕ) =

∫ 
–r N(θ )ϕ(θ ) dθ , where N :

[–r, ] → L(C) is a map continuous for the norm of operators and N(θ ) is a compact
operator for each –r ≤ θ ≤ . As a matter of fact, this property is verified under more
general conditions in N . In Section  we present some concrete examples.

(ii) A more general situation is the following. Assume that there exists a topological
decomposition of X = X ⊕ X, where Xi are invariant spaces under T(t), and X has finite
dimension. Let P be the projection on X with kernel X. If T(t)PL is compact, then the
product T(t)L is also compact.

Combining Theorem . with Theorem V.. in [] we can establish the following prop-
erty of asymptotic behavior for the solution semigroup associated to the homogeneous
problem (.)-(.).

Corollary . Assume that the semigroup T(t) is uniformly stable and that the operator
T(t)L : C → X is compact for all t > . Then the semigroup V (t) is uniformly stable if and
only if sup Reσp(AV ) < .
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To study the σp(AV ), the following spectral property is well known (see for example
[] and the references cited therein). We include it here for completeness. For λ ∈ C, let
Lλ : X → X and (λ) : D(A) → X be the linear operators defined by

Lλx = L
(
eλθ x

)
, x ∈ X, (.)

(λ)x = λx – Ax – Lλx, x ∈ D(A). (.)

Lemma . Let λ ∈ C. Then λ ∈ σp(AV ) if and only if there is u ∈ D(A), u �= , such that
(λ)u = . In this case the function ϕ = eλθ u is the eigenvector of AV corresponding to λ.
Moreover, if λ ∈ σ (A + Lλ), then λ ∈ σ (AV ).

We return to the nonhomogeneous equation (.). It is clear that this equation can be
considered as an equation with infinite delay. In fact, we can extend the map N to (–∞, ]
by defining N(θ ) =  for θ < –r. Besides, we can consider a uniform fading memory space
B such that B ⊆ C((–∞, ], X) and L(ϕ) =

∫ 
–∞ dθ N(θ )ϕ(θ ), for ϕ ∈ B, defines a bounded

linear map from B into X. This property allows us to apply the theory developed in []
to represent the mild solution of (.). It has been proved by Hino et al. [] that the
solution can be expressed by means of the variation of constants formula. Next we adopt
the notations used in this paper. Let �n : X → B be defined by

�n(θ )x =

{
(nθ + )x, –/n ≤ θ ≤ ,
, –∞ < θ < –/n.

If f is a continuous function, the formula [, Theorem .]

xt(·,σ ,ϕ, f ) = V (t – σ )ϕ + lim
n→∞

∫ t

σ

V (t – s)�nf (s) ds (.)

gives the mild solution of (.)-(.) in the phase space. Moreover, applying [, Proposi-
tion .] we can establish the following property.

Remark . Assume that semigroup V (t) is quasi-compact. In this case the set � = {λ ∈
σ (AV ) : Re(λ) ≥ } is finite and consists of poles of R(·, AV ) with finite algebraic multiplicity
[, Theorem V..]. Therefore, the space C is decomposed as

C = P� ⊕ Q�, (.)

where P� and Q� are spaces invariant under V (t) and the space P� is the range of the
spectral projection �P corresponding to �. Consequently, P� consists of the generalized
eigenvectors corresponding to the eigenvalues λi ∈ �. Specifically, if � = {λ,λ, . . . ,λm},
then

P� =
m⊕

i=

ker(λiI – AV )ki (.)

for certain ki ∈ N. We denote by V P(t) (respectively, V Q(t)) the restriction of V (t) on P�

(respectively, on Q�). Similarly, AP
V and AQ

V represent the restrictions of AV on P� and Q�,
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respectively. Since P� is a space of finite dimension d, the semigroup V P(t) is uniformly
continuous and AP

V is a bounded linear operator defined on P�. Let ϕ,ϕ, . . . ,ϕd be a
basis of P�. We set � = (ϕ,ϕ, . . . ,ϕd). Consequently, proceeding as usual in the theory of
functional differential equations [], there is a d × d matrix G such that �(θ ) = �()eGθ ,
for –r ≤ θ ≤ , V P(t)� = �eGt , for t ≥ , and σp(G) = �. Let � be the dual basis of �

associated to the decomposition (.), as constructed in []. In these conditions, it has
been established in [, Proposition .] that there exists x∗ = col(x∗

 , x∗
, . . . , x∗

d) ∈ X∗d such
that the projection xP

t = �Pxt on P� of the solution of (.) is given by xP
t = �z(t), where

the d-vector z(t) satisfies the ordinary differential equation

z′(t) = Gz(t) +
〈
x∗, f (t)

〉
, t ≥ σ . (.)

On the other hand, in this work we employ the concept of almost periodic function in the
sense of Bohr. This means that a function f : R → X is almost periodic if it is continuous
and for every ε >  there is a relatively dense set Pε in R such that

∥∥f (t + τ ) – f (t)
∥∥ ≤ ε, (.)

for all t ∈R and τ ∈ Pε . For the properties of almost periodic functions we refer the reader
to [, ]. We denote by AP(X) the space consisting of the functions x : R → X which are
almost periodic.

To complete this section, we establishes formally the following concept.

Definition . A continuous function x : R→ X is said to be a mild solution of (.) if for
each σ ∈ R the restriction x : [σ ,∞) → X is a mild solution of (.) with initial condition
xσ at t = σ .

3 Existence of almost periodic solutions
In this section we turn our attention to the existence of almost periodic solutions of (.).
Throughout this section we assume that A and L satisfy the general conditions considered
in Section  and that f : R → X is a continuous function.

If the semigroup V is quasi-compact, we can apply the properties and notations intro-
duced in Remark . in relation with the homogeneous equation (.). In particular, we set
� = {λ ∈ σp(AV ) : Re(λ) ≥ }. A direct application of [, Theorem .] gives the following
property.

Proposition . Assume that the semigroup T is uniformly stable and that the operator
T(t)L is compact for t > . If x : R → X is a mild solution of (.) on R, then z(t) = 〈� , xt〉 is
a solution of the differential equation

z′(t) = Gz(t) +
〈
x∗, f (t)

〉
, t ∈R. (.)

Conversely, if f is a bounded function on R and z(·) is a solution of (.), then the function
x : R→ X given by

x(t) =
[
�z(t) + lim

n→∞

∫ t

–∞
V Q(t – s)�Q(

�nf (s)
)

ds
]

(), t ∈R, (.)

is a mild solution of (.).
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Now we are in a position to establish the main result of this work.

Theorem . Assume that the semigroup T is uniformly stable and that the operator T(t)L
is compact for t > . Let f : R → X be an almost periodic function. If (.) has a bounded
mild solution on R

+, then it has an almost periodic mild solution.

Proof Let x(·) be the mild solution of (.) given by (.). Since z(t) satisfies (.) and
σp(G) ⊆ {λ ∈ C : Re(λ) ≥ }, then z(·) is bounded on R. It follows from [, Theorem .]
that z(·) is an almost periodic function. On the other hand, if we denote

Y (t) = lim
n→∞

∫ t

–∞
V Q(t – s)�Q(

�nf (s)
)

ds, t ∈ R,

and

Y n(t) =
∫ t

–∞
V Q(t – s)�Q(

�nf (s)
)

ds, t ∈R,

then

Y n(t + τ ) – Y n(t) =
∫ t+τ

–∞
V Q(t + τ – s)�Q(

�nf (s)
)

ds

–
∫ t

–∞
V Q(t – s)�Q(

�nf (s)
)

ds

=
∫ t

–∞
V Q(t – s)�Q(

�n(f (s + τ ) – f (s)
))

ds.

Let ε >  and let Pε be a relatively dense set in R for which the estimate (.) is fulfilled.
Using that V Q(t) is a uniformly stable semigroup, there exist constants M ≥  and α > 
such that ‖V Q(t)‖ ≤ Me–αt for t ≥ . Since ‖�n‖ ≤ , from the preceding expression it
follows that

∥∥Y n(t + τ ) – Y n(t)
∥∥ ≤ M

α
ε,

for some constant M ≥ . Since this estimate is independent of n, we also obtain

∥∥Y (t + τ ) – Y (t)
∥∥ ≤ M

α
ε,

which shows that the function Y (·) is almost periodic. We complete the proof by combin-
ing these assertions with the expression (.). �

The condition that the semigroup T is uniformly stable is somewhat demanding. How-
ever, we can apply the well established mathematical control theory to relax this condition.
Specifically, it is well known that there are many important non-delayed distributed con-
trol systems modeled by the equation

x′(t) = Ax(t) + Bu(t), (.)
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where B : Cm → X is a linear map, which are stabilizable. We refer to [–] for a dis-
cussion about this subject. These results motivate the following concept.

Definition . The semigroup T is said to be stabilizable if there exists a compact linear
operator K : X → X such that the semigroup generated by A + K is uniformly stable.

Corollary . Assume that semigroup T(·) is stabilizable and the operator T(t)L is com-
pact for t > . Let f : R → X be an almost periodic function. If (.) has a bounded mild
solution on R

+, then it has an almost periodic mild solution.

Proof It follows from our hypotheses that there exists a compact linear operator K : X →
X such that the semigroup T̃(t) generated by Ã = A + K is uniformly stable. Equation (.)
can be written

x′(t) = (A + K)x(t) + L̃(xt) + f (t)

= Ãx(t) + L̃(xt) + f (t), (.)

where the operator L̃ : C → X is given by

L̃(ϕ) = L(ϕ) – Kϕ().

Moreover,

T̃(t)̃L(ϕ) = T̃(t)L(ϕ) – T̃(t)Kϕ(). (.)

Since K is a compact operator, we can assert that the operator defined by the second term
on the right hand side of (.) defines a compact operator. Similarly, it is well known []
that

T̃(t)x = T(t)x +
∫ t


T̃(t – s)KT(s)x ds

and, arguing as in the proof of Theorem ., we see that T̃(t)L is a compact operator. Con-
sequently, T̃(t)̃L is a compact operator, and we can affirm that (.) satisfies the hypotheses
of Theorem .. �

Combining this result with the stabilizability criteria established in [–], we can
present some results for the existence of almost periodic solutions of equation (.) in
terms of the controllability of the system (.). The system (.) is said to be approximately
controllable in finite time if for every x ∈ X and ε >  there exist t >  and a control func-
tion u ∈ L([, t],Cm) such that ‖x(t) – x‖ ≤ ε, where x(·) is the mild solution of (.)
with initial condition x() = . In [, ] the reader can find criteria for the approximate
controllability of special classes of systems of type (.).

In the next result we assume that there is a topological decomposition X = X ⊕ X,
where Xi are invariant subspaces under A, and X is a finite dimensional space. Let Ti(t)
be the restriction of the semigroup T(t) on Xi for i = , . Combining Corollary . with
[, Corollary .] we obtain the following result.
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Corollary . Let f : R → X be an almost periodic function. Assume that the following
conditions hold:

(a) The semigroup T(t) is uniformly stable.
(b) The system (.) is approximately controllable in finite time.
(c) The operator T(t)L is compact for t > .
(d) Equation (.) has a bounded mild solution on R

+.
Then (.) has an almost periodic mild solution.

In [–] the reader can find many systems that satisfy the conditions considered in
the statement of Corollary .. Similarly, combining Corollary . with the results in [],
we get the following consequence of the controllability.

Corollary . Assume that X is a Hilbert space and T(t) is a contraction semigroup such
that T(t) is compact for some t > . Let f : R → X be an almost periodic function. Assume
further that the following conditions are fulfilled:

(a) The system (.) is approximately controllable in finite time.
(c) The operator T(t)L is compact for t > .
(d) Equation (.) has a bounded mild solution on R

+.
Then (.) has an almost periodic mild solution.

Proof It follows from [, Theorem ..] that the semigroup S(t) generated by A – BB∗ is
strongly stable. Since

S(t)x = T(t)x –
∫ t


S(t – s)BB∗T(s)x ds,

we see that S(t) is compact. Using now [, Theorem ..] we find that S(t) is uniformly
stable. Therefore, the semigroup T(t) is stabilizable, and the assertion is a consequence of
Corollary .. �

4 Applications
We initially consider systems governed by a partial differential equation of first order. This
type of equations describe interesting phenomena such as transport models [] or pop-
ulation models with age distribution []. Here we consider a simplified system with delay
described by the equation

∂w(t, ξ )
∂t

+
∂w(t, ξ )

∂ξ
+ αw(t, ξ ) +

∫ ∞

–∞
g(ξ ,η)w(t – r,η) dη = f̃ (t, ξ ), (.)

w(θ , ξ ) = ϕ(θ , ξ ), (.)

for ξ ∈R, t ≥ , and –r ≤ θ ≤ , where α, r >  and g , f̃ , ϕ are functions that satisfy appro-
priate conditions that will be specified later. It is well known [, Example ..] that the
initial value problem

∂w(t, ξ )
∂t

+
∂w(t, ξ )

∂ξ
+ αw(t, ξ ) = , ξ ∈ R, t ≥ , (.)

w(, ξ ) = h(ξ ), ξ ∈R, (.)
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can be modeled as an abstract Cauchy problem in the space X = L(R). For this reason,
in what follows we will assume that h ∈ X, f : R → X given by f (t) = f̃ (t, ·) is a bounded
continuous function, and that ϕ ∈ C([–r, ], X), where as usual we have identified ϕ(θ )(ξ ) =
ϕ(θ , ξ ). Let A be the operator

Az(ξ ) = –
dz(ξ )

dξ
– αz(ξ )

on the domain D(A) = H(R). The operator A is the infinitesimal generator of a strongly
continuous group T(t) on X given by

T(t)z(ξ ) = e–αtz(ξ – t), t, ξ ∈R.

Consequently, using the notation x(t) = w(t, ·), the problem (.)-(.) is reduced to the
abstract Cauchy problem

x′(t) = Ax(t),

x() = h.

Furthermore, the semigroup T(t), t ≥ , is uniformly stable, and the operator T(t) is not
compact because T(t) has bounded inverse T(–t).

We will assume further that g : R →R is continuous and

∫ ∞

–∞

∫ ∞

–∞

∣∣g(ξ ,η)
∣∣ dη dξ < ∞.

Lemma . Under the above conditions, the linear operator N : X → X given by

Nz(ξ ) =
∫ ∞

–∞
g(ξ ,η)z(η) dη

is compact.

Proof For each n ∈N, we define Nn : X → X by

Nnz(ξ ) =
∫ n

–n
g(ξ ,η)z(η) dη, –n ≤ ξ ≤ n,

and Nnz(ξ ) =  for |ξ | > n. It follows from [, Proposition ..] that Nn is a compact
operator. Next we prove that Nn → N as n → ∞ for the norm of operators. In fact, for
z ∈ X we have

‖Nz – Nnz‖ =
∫ ∞

–∞

∣∣Nz(ξ ) – Nnz(ξ )
∣∣ dξ

=
∫ –n

–∞

∣∣∣∣
∫ ∞

–∞
g(ξ ,η)z(η) dη

∣∣∣∣


dξ +
∫ n

–n

∣∣∣∣
∫ –n

–∞
g(ξ ,η)z(η) dη

+
∫ ∞

n
g(ξ ,η)z(η) dη

∣∣∣∣


dξ +
∫ ∞

n

∣∣∣∣
∫ ∞

–∞
g(ξ ,η)z(η) dη

∣∣∣∣


dξ
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≤
∫ –n

–∞

∫ ∞

–∞

∣∣g(ξ ,η)
∣∣ dη dξ‖z‖ + 

∫ n

–n

∫ –n

–∞

∣∣g(ξ ,η)
∣∣ dη dξ‖z‖

+ 
∫ n

–n

∫ ∞

n

∣∣g(ξ ,η)
∣∣ dη dξ‖z‖ +

∫ ∞

n

∫ ∞

–∞

∣∣g(ξ ,η)
∣∣ dη dξ‖z‖.

Let Dn = {(ξ ,η) : ξ ,η ∈ [–n, n]}. The above estimate shows that

‖N – Nn‖ ≤ 
∫ ∫

R\Dn

∣∣g(ξ ,η)
∣∣ dη dξ → , n → ∞,

by Lebesgue’s dominated convergence theorem. This implies the assertion. �

This result also holds for some functions g discontinuous (the interested reader can
consult [, Proposition V..]).

We define L : C([–r, ], X) → X by L(ψ) = –Nψ(–r). By Lemma . we see that L is a
compact linear map. With this construction, the original system (.)-(.) is represented
by the abstract system

x′(t) = Ax(t) + L(xt) + f (t),

x = ϕ,

and as a consequence of Theorem . we get the following property.

Corollary . Under the preceding conditions, if f is almost periodic and (.)-(.) has a
bounded mild solution on R

+, then it has an almost periodic solution.

As a second application, we apply our results to study the existence of almost periodic
solutions of the wave equation with delay. To establish a general result, we consider an
abstract version of the wave equation.

Let H be a real Hilbert space. Following [, Example .] we consider the abstract
wave equation

x′′(t) + βx′(t) + Ax(t) = , (.)

x() = x, x′() = x, (.)

where x(t) ∈ H , β >  and A is a positive self adjoint operator with domain D(A) such that

〈Ax, x〉 ≥ k‖x‖, ∀x ∈ D(A),

for some constant k > .
Introducing the Hilbert space H = D(A/) × H with inner product

〈[
x

y

]
,

[
x

y

]〉
=

〈
A/x, A/x〉 +

〈
y, y〉,

we can write (.) as the first order system

w′(t) = Aw(t),



Henríquez et al. Advances in Difference Equations  (2015) 2015:46 Page 12 of 15

where w(t) =
[ x(t)

x′(t)

] ∈ H and A =
[  I

–A –β

]
is defined on D(A) = D(A) × D(A/). Then A

generates a strongly continuous group G(t) on H. Consequently, G(t) is not compact.
We assume also that μ ∈ ρ(–A) and ‖R(μ, –A)‖ ≤ C

|μ| for Re(μ) > . Hence, for every
λ ∈C with Re(λ) >  we have λ ∈ ρ(A),

(λI – A)– =

[
(λ + β)R(λ(λ + β), –A) R(λ(λ + β), –A)

–AR(λ(λ + β), –A) λR(λ(λ + β), –A)

]
,

and ‖(λI –A)–‖ ≤ C, where C >  is a generic constant. Thus, under the above conditions,
it follows from [, Theorem V..] that G(t) is uniformly stable.

We consider now the inhomogeneous wave equation

x′′(t) + βx′(t) + Ax(t) = f (t). (.)

Using the previous transformation, we can reduce (.) to the first order equation

w′(t) = Aw(t) + f̃ (t),

where f̃ (t) =
[ 

f (t)
]
.

Finally we consider the wave equation with delay

x′′(t) + βx′(t) + Ax(t) = f (t) + L(xt), (.)

where L : C([–r, ], H) → H is a bounded linear operator. Using the previous transforma-
tion, we can reduce (.) to the first order equation with delay

w′(t) = Aw(t) + L(wt) + f̃ (t), (.)

where L : C([–r, ],H) →H is given by

L

([
ϕ

ψ

])
=

[


L(ϕ)

]
.

The following property is a direct consequence of Theorem ..

Corollary . Under the above conditions, let f : R → H be an almost periodic function.
Assume that L is a compact operator, and that (.) has a bounded mild solution on R

+.
Then (.) has an almost periodic mild solution.

Proof It is clear that L is a compact operator so that G(t)L is also compact for all t > .
�

To complete this application, next we will present a pair of concrete examples of compact
linear operators L : C([–r, ], H) → H .

(i) Let K : H → H be a compact linear operator. We fix θ ∈ [–r, ] and define L(ϕ) =
Kϕ(θ) for ϕ ∈ C([–r, ], H). It is immediate that L is a compact linear operator.
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(ii) Let H be a separable Hilbert space with orthonormal basis {zn : n ∈ N}. Let ηn :
[–r, ] → C for n ∈ N be a function with bounded variation V [ηn]. We assume that∑∞

n= V [ηn] < ∞. Let L given by

L(ϕ) =
∞∑

n=

∫ 

–r
dθηn(θ )

〈
ϕ(θ ), zn

〉
zn, ϕ ∈ C

(
[–r, ], H

)
.

It is not difficult to verify that L is a compact linear operator.
Finally, we present an application in which the original semigroup is not uniformly sta-

ble. A large number of concrete systems can be formulated in the following abstract form.
Let H be a separable Hilbert space with orthonormal basis {zn : n ∈ N}. Let (λn)n be a
sequence of complex numbers such that supn∈N Re(λn) < ∞. We consider the operator
A : D(A) ⊆ H → H given by

Az =
∞∑

n=

λn〈z, zn〉zn, z ∈ D(A),

where D(A) = {z ∈ H :
∑∞

n= |λn||〈z, zn〉| < ∞}. It is well known that A generates a strongly
continuous semigroup T(t) given by

T(t)z =
∞∑

n=

eλnt〈z, zn〉zn, z ∈ H ,

which generally is not compact and is not uniformly stable. Let β > . We decompose
N = I ∪ J , where I = {n ∈N : Re(λn) > –β} and J = N \ I . We assume that λn →  as n → ∞,
n ∈ I . We define the operator K : H → H by Kz =

∑
n∈I λn〈z, zn〉zn. It is easy to verify that

K is a compact linear operator. Moreover, the semigroup S(t) generated by A – K is given
by

S(t)z =
∑
n∈J

eλnt〈z, zn〉zn, z ∈ H ,

and ‖S(t)z‖ ≤ e–βt‖z‖ for t ≥ , which shows that S(t) is uniformly stable. Hence, we can
apply Corollary . to conclude that under the preceding conditions if the operator T(t)L
is compact for t > , f : R → H is an almost periodic function, and (.) has a bounded
mild solution on R

+, then it has an almost periodic mild solution.

5 Conclusion
In this work we have studied the existence of almost periodic solutions of ARFDEs where
the operator acting on the delay term is bounded. Somewhat superficially, our results are
able to reduce the existence of almost periodic solutions of the inhomogeneous equation
to the possibility to control or stabilize the system without delay.
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